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ABSTRACT The analysis of particles bound to surfaces by tethers can facili-
tate understanding of biophysical phenomena (e.g., DNA–protein or protein–ligand
interactions and DNA extensibility). Modeling such systems theoretically aids in
understanding experimentally observed motions, and the limitations of such mod-
els can provide insight into modeling complex systems. The simulation of tethered
particle motion (TPM) allows for analysis of complex behaviors exhibited by such
systems; however, this type of experiment is rarely taught in undergraduate sci-
ence classes. We have developed a MATLAB simulation package intended to be
used in academic contexts to concisely model and graphically represent the behav-
ior of different tether–particle systems. We show how analysis of the simulation
results can be used in biophysical research using single-molecule force spectros-
copy (SMFS). Students in physics, engineering, and chemistry will be able to make
connections with principles embedded in the field of study and understand how
those principles can be used to create meaningful conclusions in a multidisciplinary
context. The simulation package can model any given tether–particle system and
allows the user to generate a parameter space with static and dynamic model com-
ponents. Our simulation was successfully able to recreate generally observed
experimental trends by using acoustic force spectroscopy (AFS). Further, the sim-
ulation was validated through consideration of the conservation of energy of the
tether–bead system, trend analyses, and comparison of particle positional data from
actual TPM in silico experiments conducted to simulate data with a parameter space
similar to the AFS experimental setup. Overall, our TPM simulator and graphical user
interface is primarily for demonstrating behaviors characteristic to TPM in a classroom
setting but can serve as a template for researchers to set up TPM simulations to
mimic a specific SMFS experimental setup.

KEY WORDS foundational biophysics; single-molecule spectroscopy; computa-
tional methods and bioinformatics; force spectroscopy and scanning probe microscopy;
computer-based teaching tools

I. INTRODUCTION
Visualizing, monitoring, and modeling the complex motion of a parti-

cle attached to an extensible tether in a viscous fluid environment
(also referred to as tethered particle motion [TPM]) is relevant to
understanding several fundamental biophysical phenomena, as
well as solving practical engineering problems. Understanding and
modeling TPM can enable experimentalists to observe the motion of
DNA-scale molecular interactions by using immunofluorescence or dark-
field microscopy (1) or to manipulate such small-scale systems with
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molecular-scale precision by using suitable acous-

tic, magnetic, or optical tweezers as TPM imaging

tools (2). Further, the advancements in the spatial

resolution of optical imaging in the last few

decades (3) have made TPM analysis particularly

relevant to modern-day theoretical and applied

biophysics. Particularly, understanding and model-

ing TPM is also critical for enabling single-molecule

experiments that focus on various biopolymers

and relevant molecular properties. For example,

DNA polymer properties can be intrinsically stud-

ied and experimentally determined by using TPM

modeling by analyzing the Brownian motion of

particles attached to individual double-stranded

DNA (4). Schafer et al. were one of the first to

devise a TPM assay to directly monitor the move-

ment of a single molecule of processive polymer-

ases acting on a template DNA (4). Additional

notable results that were achieved in subsequent

studies include the empirical validation of TPM as

a technique to predict tether length (5). Similar

TPM and other single-molecule assays have

become more commonplace now to provide criti-

cal insight into how diverse classes of biologic

machinery and processive motors, e.g., cellulases

and chitinases degrading cellulose and chitin poly-

saccharides (6–8); cellulose synthases synthesizing

cellulose polymers (9); protein, DNA, and RNA

polymer synthesis, folding, and degradation

(10–12); and adenosine triphosphate–triggered

motility of myosin and kinesin on actin and micro-

tubules (13, 14), function at the molecular and

cellular level to solve diverse biotechnology prob-

lems, ranging from developing better enzymes for

producing sustainable bioenergy from cellulosic

biomass (15) to enabling personalized health care

using advanced gene-editing techniques such as

CRISPR (16).
While described in the scientific literature, TPM

is not typically taught in an academic context
although the theory associated with this topic is
crucial to understanding observations from many
biophysical experiments. It is particularly neces-
sary to study molecular-scale interactions by
using single-molecule experiments incorporating

TPM methods for comprehension of complex
biomolecular and cellular systems that subse-
quently allow for improved fundamental under-
standing of living systems and potentially lead to
the development of novel biotechnology.

II. SCIENTIFIC AND PEDAGOGIC
BACKGROUND
Mathematically, tethered particle system behav-

iors can be approximated through the consider-
ation of Brownian motion. Such motion is a
consequence of collisions that occur between
the object being tracked and the particles pre-
sent in a viscous environment (17). In principle,
fluids are composed of multiple particles that are
constantly colliding. Such uncontrolled and
seemingly random small-scale behaviors are bet-
ter modeled stochastically, because deterministic
models often require an unfeasible level of com-
plexity for individual particle tracking capabilities
(18). The idea associated with such models is to
use random fluctuations to account for small-
scale perturbations that are observed experi-
mentally due to diffusive effects experienced by
a particle in a viscous environment (19).
Here, we present a graphical user interface

(GUI) simulation package for use by students
and teachers to perform simulations of a model
tether–particle system within a parameter
space of choice (see illustration in Fig 1). The
simulation was developed by using a complete
installation of MATLAB (version 2022b; The
MathWorks, Natick, MA).The simulation pack-
age builds and expands on previous models
developed for educational purposes (20). The
MATLAB-based model was written in an easily
generalizable manner, has a complete user
interface, and is computationally efficient, so
data analyses can be easily performed. Simula-
tion features such as varying force ramps and
constant force application are predefined set-
tings in the simulation package, because these
are commonly encountered during single-mole-
cule force spectroscopy (SMFS) experiments to
mimic real-world scenarios (21). Further, correc-
tions are included from a series of models pre-
sented in scientific literature to increase the
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accuracy of the TPM simulations and allow the
user to understand the limitations and uses of
the calculations being made. In particular, we
have generated experimental data to validate our
simulation predictions using acoustic force spec-
troscopy (AFS) (22, 23). Students will be able to
understand the behaviors of tethered particle sys-
tems in general due to the easy-to-follow GUI for
model presentation and exportation of several
analysis plots and data from the interface to gain
an appreciation for how such systems dynamically
behave during SMFS experiments.
A biophysics lab course would be ideal for pre-

senting this information because the skills taught
are relevant to both theoretic and experimental
science. Single-molecule studies are associated
with and based on concepts from optics, chemi-
cal bond theory, cellular machinery, and many
other subtopics in physics, chemistry, and biol-
ogy (24). Biophysics is a highly interdisciplinary
field that can benefit significantly from skills

typically presented in a specialized manner in
other disciplines, and TPM is one of such con-
cepts that can be used as a template to demon-
strate such interdisciplinary connections. In
addition to gaining an understanding of theoretic
and experimental principles, students with access
to this simulation tool kit in the curriculum can
gain exposure to computational, statistical, and
mathematic knowledge in the context of a useful
topic with “real-world” applications. In its current
form, educators can use this TPM tool kit to help
students gain an appreciation for basic theory
and implementation of theory because all the
code is written and commented on in an easily
understandable form. Unlike in research contexts
in which one is assumed to be able to make
these connections without prior education, this
TPM simulation GUI assumes only basic mathe-
matic and coding knowledge, with little to no
background in the theoretic behaviors of the
TPM system itself. Overall, this is a tool kit meant

Fig 1. Overview of GUI for TPM simulation developed in this work. The left panel accepts inputs for simulation parameters and type of simu-
lation model and has a simulation start and reset button, which updates and clear the plots. The middle panel includes the simulated data
plots that are updated as the simulation runs. At the bottom of the middle panel, there is a sketch of the system being simulated. The right
panel includes different options for force application that can be modified during the simulation run time or before it starts. There is also an
energy validation plot at the bottom right corner of the GUI. The DNA bead sketch in Figure 1 was generated by using Biorender.com.
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for students to have a focused interaction in a
short activity (e.g., class assignment or project)
and that grants access to easily understandable
biophysics concepts without the need for com-
plex background knowledge.

III. METHODS

A. Simulation overview
Our simulation experiment considers the

dynamics of a bead attached to a surface by
using classical physics–based analysis. All the
relevant parameters in this model can be
altered by the user to explore alternative sce-
narios that aid in student learning. Further,
parameters that are variable in the actual SMFS
experimental setups are designed to be dynamic
and can be modified by the user in real time dur-
ing the simulation, mimicking an actual experi-
ment being conducted in real time as well. The
static and dynamic parameters associated with a
typical single-molecule TPM system are summa-
rized in Table 1.
Based on these parameters, a complete

description of the tethered bead position,
applied force, intrinsic force due to particle col-
lisions, energy, and tether extension from equi-
librium are provided in the form of continually
updated graphic plots in a MATLAB-based GUI.
These plots are updated at a rate specified by
the user in a static field prior to start of the sim-
ulation. The interface in which each of these
parameters are provided by the user and the
key features of the simulation package are
summarized in Figure 1.

B. Simulation logic
A single MATLAB function that accepts user-

generated parameter space, as well as memory
terms, was used. This function is called within a
loop in the MATLAB App Designer, and the
outputs are plotted at the user specified rate.
Callback functions are used in the interface to
synchronize the point at which the user makes
a change and when that change is reflected in
the base code output. The use of memory
terms in the app allowed for the computations
to be done with continuity, as the user inputs
are monitored and updated continuously
within the base algorithm. Several simulations
of the length specified by the user are run con-
secutively with initial conditions consistent
with the end state of the prior simulation. This
results in a continuous generation of data until
the user-specified total number of data points
are reached. A flow chart of the simulation
logic is found in the Supplemental Figure S1.
The simulation produces an output file in a
comma-separated value (csv) format that con-
tains time (s), planar position (m), net DNA
force (N), applied force in z (N), Cartesian DNA
force components (N), and u /w angular posi-
tions (-).

C. Computational framework of the
simulation
The notations outlined in Tables 1 and 2 will

be used to reference each variable in this work.
The modified Marko–Siggia wormlike chain

model was considered for our model in Eq. 1
(25). Numeric root finding was used to solve for
the approximate magnitude of the force for
each direction.

Fi ¼ kBT

4Lp

1

ð1� Ri
Lo
þ Fi

Ko
Þ2 � 1þ 4Ri

Lo
–
4Fi
Ko

" # !
; i ¼ x; y; z

(1)

In this model, the F
Ko

terms are a correction

introduced to the classic wormlike chain model
to account for the elasticity of the tether.
This modification improves the experimental

Table 1. Parameters considered in the TPM simulation. Static refers
to fields that are assigned before the TPM simulation starts.
Dynamic refers to fields that can be modified during the simulation.

Simulation parameters Parameter notation

Length of simulation (static) n

Tether persistence length (static) Lp
Tether length (static) Lo
Viscosity of environment (static) h

Temperature of environment (static) T

Radius of bead (static) RB
Density of bead material (static) r

DNA force (net) (dynamic) F ¼ Fx; Fy; Fz
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agreement of the wormlike chain model that
provides only an order of magnitude estimate
of the persistence and contour lengths (26). The
Ko term is a material parameter described by the
Young modulus from classical mechanics. In this
simulation, the Young modulus was related to
the persistence length of a solid rod with a cir-
cular cross section for mathematic simplicity
(25). The DNA diameter of d ¼ 1.6 nm was cho-
sen, and the Young modulus depends on the
user-defined temperature and persistence
length in Eq. 2. Some typical values of this
parameter range from 800 to 1,700 pN (27, 28).

Ko ¼ 16kBT

d2

� �
Lp (2)

A spherical coordinate system was used to
describe the particle’s 3-dimensional motion. The
obtained magnitude was decomposed into x, y,
and z components via projection onto a Carte-
sian system by using the following elementary
trigonometric relations in Eqs. 3–5.

Fx ¼ F�jsinu �cosw j (3)

Fy ¼ F�jsinu �sinw j (4)

Fz ¼ F�jcosu j (5)

The signs of these quantities were deter-
mined directly through the consideration of

the extension of the tether. If the tether was
extended in a negative direction, the force
would have to be positive to restore the system
to its equilibrium position and vice versa. This
behavior is consistent with classical spring
behavior described by Hooke law and serves as a
reasonable description for the behavior of the
tether–bead system at any point in its motion
due to the elasticity of the tether. All these com-
putations were completed in a MATLAB function
named MarkoSiggiaVectorized.m, and these force
computations were continuously updated in a
loop from the base code. The Supplemental
Material documentation of the simulation pack-
age provides greater detail on the functional
dependencies.
The computation of the u and w positions

also come from basic trigonometric relations in
Eqs. 6 and 7. The spatial orientation of the sys-
tem is initially defined to be along the Carte-
sian z direction alone, and the descriptions of
the angles are updated as the motion evolves
over time.

u ¼ tan�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
z

� �
(6)

w ¼ tan�1 y

x

� �
(7)

Next, the function TetherForce2.m base code
modifies the implicit force term in the z direc-
tion based on the magnitude of external force
applied to the system in the user interface. The
first option for the user is to choose a modifi-
able but constant force at any point in the sim-
ulation. When the user makes a modification to
the applied force using the force slider built
into the app, a constant force is continually
applied to the system for the duration that the
user leaves the slider in the given position. This
force is immediately applied with the chosen
magnitude. The second option for the user is
to apply a force ramp with a slope predeter-
mined by the user. The desired force by the
end of the simulation is computed to increase
in linear increments consistent with the total run
time of the simulation. The third option for the
user is to apply a decaying force ramp that is

Table 2. Summary of parameter notations used for the MATLAB
code and variable descriptions with reference to the defining equa-
tion (if applicable). Tether extension (r) and DNA force (net) are
the vector quantities of the position and DNA force in x, y and z,
respectively.

Parameter of interest Notation Equation

Position (Cartesian) x, y, z —

Displacement (Cartesian) Dx, Dy, Dz 8, 9, 10

Tether extension (net) r —

Spherical angles u , w 6, 7

Potential energy PE, DPE 15

Kinetic energy KE, DKE 16

DNA force (Cartesian) Fi 1, 3, 4, 5

DNA force (net) F —

Time-averaged root-mean-square
fluctuation

RMS 21
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computationally equivalent to the previous case,
except that a linear decay is considered instead.
The projection of this magnitude onto the z
direction is added to the force term from the
MarkoSiggiaVectorized.m function to determine
the net force such that Fnet ¼ Fz þ Fapplied, con-
sidering the force decomposition based on the
second law of Newton.
The net effect experienced by the bead is

intended to be consistent with Stokes law. The
bead is assumed to be perfectly spherical, sur-
faces are all assumed to have no imperfections,
components are all assumed to be entirely
homogenous, and the flow is constrained to be
laminar. This means that the system has a low
Reynolds number that is consistent with smooth
and constant fluid motion (i.e., laminar flow).
When the Reynolds number is low, viscous force
is necessarily dominant, meaning perturbations
introduced by the bead on the system are not
the variable that dominates the overall motion.
The liquid viscosity is a crucial variable in deter-
mining the scale of such effects, and a specific
analysis of relevance of the viscosity is presented
in Supplemental Figure S3. A numeric validation
of these assumptions is provided in the validation
section of this study. Because all these conditions
are approximately valid in the considered model,
Stokes law serves as a reasonable approximation
to the net effect that is observed. This also means
that enough information is available so that the
deviations in position within a given timestep can
be extrapolated from the simulation, as is out-
lined in Eqs. 8–10. A correction factor is intro-
duced to account for the edge effects because
the tether–bead system is near the surface
throughout the simulation. These corrections are
derived based on the boundary condition that
tangential flow needs to be zero at the bead sur-
face (29, 30). The x displacement (Dx) is parallel to
the surface and is described in Eq. 8.

Dx � FxDt
6pmR

� 1

1� 9
16

r
z

� �þ 1
8

r
z

� �3 � 45
256

r
z

� �4 � 1
16

r
z

� �5
(8)

Similarly, the expressions for the y and z direc-
tions can also be obtained. The y displacement

(Dy) is parallel to the surface, so the correction
due to surface effects remains the same.

Dy � FyDt
6pmR

� 1

1� 9
16

r
z

� �þ 1
8

r
z

� �3 � 45
256

r
z

� �4 � 1
16

r
z

� �5
(9)

The displacement in z (Dz) is perpendicular
to the plane, so the correction due to surface
effects is slightly different. This correction
results in Eq. 10:

Dz � FzDt
6pmR

�

1

1� 9
8

r
z

� �þ 1
2

r
z

� �3 � 57
100

r
z

� �4 þ 1
5

r
z

� �5 þ 7
200

r
z

� �11 � 1
25

r
z

� �12� �
(10)

Here, Eqs. 8–10 are used to update the x, y, and
z position at a given timestep. These Cartesian
position elements are then used in Eqs. 6 and 7
to update the spatial orientation elements from
the initial state due to the viscous motion.
The rearrangement of Stokes law is only an

approximation because finite timesteps are
used to approximate the velocity of the bead
and particle in addition to the numeric approxi-
mation of the surface effects. However, an
effort was made to more accurately account for
time that the particle takes to move between
any 2 given positions through the introduction
of a dynamic timestep (30) described in Eq. 11.

Dt ¼ 2md R

jrFj (11)

The implementation of this dynamic time-
step allows for the accuracy of the position at
any given timepoint to be the same, because
the deviation is normalized using the force gra-
dient at every data point (30). The modified
Marko–Siggia model accounts for the extensi-
bility of the tether. This has a direct influence
on the dynamic timestep that depends on nor-
malization using the force gradient. The explicit
computations are shown in Eqs. 12 and 13.

rF ¼
2

L0dx
þ 4

L0
4LP
kBT

þ 2
K0dx

þ 4
K0

;

2
L0dy

þ 4
L0

4LP
kBT

þ 2
K0dy

þ 4
K0

;
2

L0dz
þ 4

L0
4LP
kBT

þ 2
K0dz

þ 4
K0

(12)
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di ¼ 1� i

L0
þ Fi
Ko

� �3

; i ¼ x; y; z (13)

After these predictable effects are accounted
for, the last remaining component necessary
for accurately describing the particle position is
its random motion due to diffusion. The correc-
tion factor to the position predicted from the
basic force analysis was implemented using a
random number generator. The random num-
ber generator was set so that the mean value is
zero and a standard deviation defined by
Eq. 14. The environment is assumed to be
approximately isotropic, as previously men-
tioned, which means that the expected stan-
dard deviation is independent of direction.

s ¼ s x ¼ s y ¼ s z ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Dt

kBT

6pmRb

s
(14)

The assumptions outlined previously allowed
for a complete description of the position of
the bead–tether system to be generated under
applied force. Because the time associated with
motion between any 2 given positions is also
available, many useful computations can be
done to test the validity of the code (for exam-
ple, the verification of the conservation of
energy). The general relation F ¼ �rU was
considered. The force acting on the particle is
approximated to be constant and independent
for a given timestep. This means that the
potential energy can be approximated using
Eq. 15. The force terms are constant in each
interval; thus, the integration only occurs over
the position differential.

DPEi � �ðFx� xi � xi�1ð Þ þ Fy� yi � yi�1ð Þ
þ Fz � zi � zi�1ð ÞÞ (15)

The projections of the force on the x, y, and z
direction and the displacement as calculated
between subsequent timesteps are considered
in determining the change in potential energy.
The kinetic energy was computed and rewrit-
ten using parameters relevant to the con-
structed system in Eq. 16.

DKEi � 2prR3b
3

� xi � xi�1ð Þ2 þ yi � yi�1ð Þ2 þ zi � zi�1ð Þ2
Dtð Þ2

(16)

The r term in the kinetic energy computa-
tion is the density of the bead, the displace-
ment in each direction is determined at
subsequent timesteps iterated by variable i,
and the length of the timestep is denoted Dt.
All the arguments made previously are con-

sistent with a probabilistic consideration of the
behavior of the tether–particle system. This
means that by nature, assumptions of thermal
equilibrium are made, as can be seen from the
applications of the equipartition theorem.
These assumptions are not appropriate when a
force is instantly applied to the system. The
force ramp feature used allows for a steady
buildup of the force that does not perturb the
system to a great extent at any given instant.
However, for general applications of large mag-
nitudes of force, this model can break apart. As
such, a separate model was implemented as
described in the following, which uses physical
constraints to ensure that the system remains
stable, as expected in reality.
First, in the cases in which an external force

is applied to the system, it is approximated
that Fnet � Fapplied. When a force is applied,
the tether will extend, and the tension will
increase resulting in limited fluctuations. In
accordance with the modified Marko–Siggia
model (25), these fluctuations will occur with an
equilibrium value that is associated with the
applied force. Extracting this equilibrium value
allows for a description of the bead position to
be made independent of the timescale associ-
ated with the instability. Generating a distribution
of permissible values about this equilibrium posi-
tion allows for a complete description of the
bead position. It is constrained by the tether
length, and there is a very small probability the
bead will reach a value significantly different
from the equilibrium value. These constraints are
well described by a normal distribution with 0
mean fluctuations about the equilibrium position.
The standard deviation was determined, as
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shown in Eq. 17, where a is an arbitrary parame-
ter meant to describe the resistivity of the envi-
ronment and zeq is the extracted equilibrium
position. This parameter is not strictly defined
and can be modified to best fit the data col-
lected. In accordance with the assumption of
isotropy, a ¼ 3 was assigned as the base
setting.

s z ¼ Lo � zeq
a

(17)

Because the z spatial harmonic behavior is
described, the planar region of interest can eas-
ily be extrapolated. The system is defined so
that magnitude of the position vector corre-
sponds to the tether extension. Because a rea-
sonable approximation to the z position is
obtained, the acceptable x and y positions
must be approximately consistent with the
constraint in Eq. 18 because a force regime in
which unwinding of the double-stranded DNA
occurs (�65 pN) is not considered here.

x þ y ¼ Lo � zeq (18)

The distribution of the x and y positions are
not expected to have significant bias because
an isotropic environment is considered. As
such, the weight of the permissible positions
will be approximated to be equivalent.
Using these 2 conditions, a constraint for

the x and y position can be obtained. Because
the viscous effects also have a contribution to
the planar variations, a distribution was gener-
ated under the assumption of thermodynamic
equilibrium in Eq. 14. The instantaneous appli-
cation of force in the z direction is accounted
for without the consideration of thermody-
namic equilibrium. Essentially, this means that
the system is forced into a harmonic state that
can be described by conditions using thermo-
dynamic equilibrium. The implementation of
the previously described method is a bound-
ary condition that restabilizes the environ-
ment. This means that the assumption of
thermodynamic equilibrium is valid after the
system is constrained with this method. This

equilibrium is artificial in the sense that con-
straining the system requires higher force fluc-
tuation magnitudes than is experimentally
observed. A spatial resolution of 10% was
used to limit the simulation to values similar
to experimental fluctuations; Eqs. 19 and 20
describe the x and y positions of the bead
within this framework. The computations
done in the simulation begin by considering
the origin of the system in the frame of the
bead. All the terms were rescaled so that the
result is consistent with these relations where
xvisc and yvisc are Brownian terms that account
for the viscous motion and possibilities for
extension of the tether.

y ¼ ðLo � zeqÞ
2

þ yvisc (19)

x ¼ ðLo � zeqÞ
2

þ xvisc (20)

The assumptions made when generating this
simulation are consistent with the assumptions
made in a typical Markov process (31). The dis-
tributions from which the Brownian fluctua-
tions are determined are normal with a mean
of 0 and standard deviation defined in Eq. 14.
All Brownian fluctuations are extrapolated from
probability distributions governed by the same
rules, are time independent, and intrinsically
constrain how far a particle could be displaced
due to a collision with the molecules in the vis-
cous environment. This means that at any
given position, the span of reasonable values
classically obtainable by the particles is prede-
fined for a given timestep. Finally, each state
attained by the particle is assumed to be inde-
pendent of every subsequent state obtained
by the particle. This is consistent with the con-
straints associated with classical Brownian
motion (32).
Within the simulation, there are 2 models

implemented. The first, which the simulation is
initialized to use as the toggle switch, is the
trend model. This model is intended only for
educational purposes. It is a mixture of both
model types mentioned previously, wherein
the point at which the first model breaks down
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is point in which the new model is imple-
mented. In other words, in absence of force,
the probabilistic model, described by Eqs 1–16,
and the constraint model, with Eqs 17–20, are
both implemented. The first model is purely
probabilistic in nature and gives predictions
closer to the equilibrium state on average,
whereas the second model is much stricter,
and the values accepted tend to be more con-
fined. In transitioning between these models,
physically unrealistic results may be occasion-
ally observed. However, there are many bene-
fits to this model, as described in the following
discussions. For stricter data collection mode,
the toggle switch must be switched to data,
where the numeric inconsistencies from the
force application will not exist.

IV. RESULTS

A. Implementation and theoretic
validation
All data are generated using 2 primary tiers

of code. First, TetherForce2, runs the simulation
based on the equations previously described
for using loops. Next, a loop in the MATLAB
App Designer was used to continually update
the arrays containing the parameter space gen-
erated. The results generated in the base code
based on the updated parameter space are
immediately assigned to relevant GUI axes to
plot the results, as the simulation continues
running in real time. This second tier of code is
the most inefficient component of this simula-
tion because it must check for user input at
every data point, update the parameters the
base function calls at every data point, and plot
the data at a rate specified by the user. A more
comprehensive discussion of the simulation
efficiency is provided in the Supplemental
Appendix. In case the code is being used solely
for data generation (and not GUI-based results
for visualization in real time), the user can set
the plot rate equal to the total number of data
points, and this will result in significantly
improved run time. Although slightly more
computationally intensive, it was found that

continual application of a force did not signifi-
cantly affect the run time of the simulation.
Aside from the actual implementation, the

simulation gives a reasonable approximation to
the physical behaviors associated with a typi-
cal tethered particle–bead system. The tether
particle–bead system will display a wide range
of fluctuations in every direction provided
that an external force is not applied to the sys-
tem. The parameter space used to generate
the results plots are outlined in Table 3.
Due to the lack of significant tension on the

tether in the absence of an applied force, the
planar variation will be more prominent because
the tether–bead system will not have any rigid-
ity, as shown in the upper panel of Figure 2.
In the presence of an applied force, it is

expected that the particle will asymptotically
approach maximum extension over a given
time and the x–y motion will be confined to
smaller scales due to the tension exerted by
the tether. The lower panel of Figure 2 was
generated using the trend mode of the simula-
tion. The details of this mode will be discussed
in more detail in the following.
In the absence of an applied force, the pla-

nar position of the particle is unrestricted and
varies with a span of approximately 6800 nm.
In the presence of an applied force, the span
in which the planar position varies is limited
to approximately 6200 nm. This behavior
becomes more evident as the magnitude of
the force increases over time because the
tether will experience increasing tension. In

Table 3. Sample parameter space used to generate Figure 2 result
plots. The parameters are approximately consistent with the simu-
lation parameters considered in the implementation by Beausang
et al. (41).

Parameter (unit) Value

n (–) 10,000

Lo (nm) 1,180

Lp (nm) 72

h (Pa 3 s) 0.0089

T (C) 25

RB (nm) 50

Plot rate 10,000
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presence of an applied force, the system
asymptotically fluctuates near maximum
extension. All these behaviors are consistent
with theoretic expectations.
The final features implemented into this sim-

ulation are analysis plots. A useful analysis that
validates the results of the simulation is the
consideration of the applied and intrinsic DNA
forces as a function of the net extension (r),
presented in Table 2, which represents the
magnitude of the 3-dimensional radius vector
of the position for each Cartesian component
(x, y, z). In this model, the maximum extension
should not greatly exceed the combined
length of the bead and tether at any time-
point because the force application is limited
to a regime in which double-stranded DNA
helix unwinding is not relevant, as previously
discussed. Figure 3 confirms this physical
restriction both in the presence and absence
of an applied force. Further validation using
energy analysis is presented in Supplemental
Figure S3.

B. Model validation via AFS
experiments
For the comparison of the simulation results

with SMFS experimental data, a TPM experi-
ment was carried out in our laboratory by using
an Acoustic Force Spectroscopy instrument
(AFS) (LUMICKS, Amsterdam, The Netherlands).
A more detailed description of the experimen-
tal setup is found in the Supplemental Appen-
dix. Briefly, the surface of the AFS chip is
incubated with anti-digoxigenin fab fragments
for 20 min, followed by surface passivation with
bovine serum albumin (BSA) protein, casein pro-
tein, and Pluronic F-127 nonionic surfactant in 10
mM phosphate-buffered saline solution for 30
min. Next, DNA functionalized on opposite ends
with biotin and digoxigenin is mixed with strep-
tavidin-functionalized polystyrene beads for 30
min, washed twice in PBS containing BSA, casein,
and Pluronic F-127, and incubated in the AFS
imaging chip for 15 to 30 min. Finally, nonbound
beads are flushed out, and the remaining beads
are tracked in 3 dimensions. Analysis of bead

Fig 2. Simulation model predictions for TPM with or without applied force on the system. Upper left panel: planar position (XY) versus
time in absence of applied force. Upper middle panel: Normal position (Z) versus time in absence of applied force. Upper right panel:
DNA force versus time in absence of applied force. Lower left panel: planar position (XY) versus time in presence of 25-pN applied force.
Lower middle panel: normal position (Z) versus time in presence of 25-pN applied force. Lower right panel: DNA force versus time in pres-
ence of 25-pN applied force. All panels were generated by using the trend mode of the simulation GUI.
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traces was performed with the software provided
by LUMICKS (AFS-Analysis-G2 version, Amster-
dam, The Netherlands), with slight modifications
(34), and a free academic version can be found in
the original publication of the AFS (22).
As can be observed in Figure 4, the simulated

root-mean-square (RMS) position values of the
bead–tether systems are of the same order of
magnitude and follow the same trend as the AFS
experimental values, based on the simulation
parameters presented in Table 4. The RMS value
(22) was determined by using Eq. 21, where x and
y are the average x and y positions, respectively,
of the position coordinates presented in Table 2.

RMS ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x � xð Þ2 þ y � yð Þ2

q
(21)

As the magnitude of applied force increases,
the equilibrium RMS position the system takes
decreases. The discrepancy in experimental RMS

values is due to experimental limitations such as
uncertainty in the exact bead size, resolution of
the AFS instrument or technique, and model
limitations. Namely, an order of magnitude
approximation is being conducted on the basis
of previously described assumptions, so while
the trends are captured, the model itself does
not have a resolution allowing better certainty to
be achieved for all types of analysis. In these sim-
ulations, the bead diameter was set at 3,110 nm.
The bead diameter does not influence the har-
monic behavior and affects only the scaling
of the time from the earlier described dynamic
timestep. The experiments were carried out in
phosphate buffer supplemented with low con-
centrations of proteins and polymers (see Supple-
mental Material); however, it is assumed that
those additives did not change the viscosity (35).
Thus, the simulation uses the viscosity of pure
water.

Fig 3. Force extension curves in the absence of force (left) and in the presence of a force ramp up to 25 pN (right). The contour length
was set to 1,180 nm, as indicated in Table 3.

Fig 4. Simulation model trends agree well with TPM observed in AFS experiments. Left: experimental and simulated average x/y and
RMS position values with application of constant force for 1,800-nm DNA strands attached to a polystyrene bead of 3,110-nm diameter in
buffer at room temperature. Right panel: experimental and simulated average XY and RMS position values with application of constant
force for a 500-nm DNA strand attached to a polystyrene bead of 3,110-nm diameter in buffer at room temperature. The larger discrep-
ancy between experimental and simulated RMS for 500-nm tethers is discussed in the text.
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C. Case study demonstrating use of
the GUI for TPMmodeling in a
classroom setting
The following section outlines the question

that could be asked by an educator, implementa-
tion of the TPM simulation tool kit to address the
question, and specific steps taken within the tool
kit GUI to obtain a suitable answer generated by
the students. One example question posed by the
educator to the students could be “How does the
time averaged <RMS> value vary as a function of
tether contour length in TPM?”
Steps taken by the students or instructor to

address this specific question are briefly out-
lined in the following:

(a) Open the simulation and show the students
each of the variable meanings using the defi-
nition tab. Emphasize the importance of fixing
all variables, except the tether length, because
that is the variable of interest.

(b) Assign physically reasonable values (such as
the default values) to all the variables,
except the tether length, consistent with
the type of system that is being studied.

(c) Choice 1: The simulations could be run prior
to the lecture, and the output files could be
displayed in a suitable dataset format to the
instructor’s preference.
Choice 2. The class can be divided into
groups, and each group can run a simula-
tion for a particular tether length. The results
can then be combined for the final plot.
The simulated data are saved in csv format
in the same folder as the GUI, which

contains labeled fields, including the time
(s); x, y, and z position data (m); the total
force (N); the applied force (N); the x, y, and
z components of the force (N); and the u /w
angular positions.

(d) When the simulation is completed, the script
Example_1_script included with the sample
lesson plan can be used to automatically out-
put the RMS values for a given simulation.

(e) The general trends could be displayed
through the creation of plots, as shown in
Figure 5. Notes about the nature of Brownian
motion and the consequent variation in
results among trials could be made. To
account for such variability, the trials were
conducted 3 times per tether lengths, and an
average was obtained to generate the figure.

(f) The characteristic behavior in which the RMS
value tapers off, as tether length increases
(27), should be highlighted by the instructor.
Limitations regarding the models in general
should be discussed with students.

The raw data used to generate Figure 5 in
csv format can be found on GitHub (https://
github.com/ChundawatLab/TPM-GUI), along
with an example to create and analyze force–
extension curves, summarized in a lesson plan.

Table 4. Sample parameter space used to generate Figure 4 result
plots.

Parameter (unit) Value

n (–) 10,000

Lo (nm) 1,800/500

Lp (nm) 50

h (Pa 3 s) 0.0089

T (C) 25

RB (nm) 1,550

Plot rate 10,000

Fig 5. Case study results demonstrating how the TPM GUI can be
used by an educator in a classroom setting. Average RMS position
calculated from repeating the simulation 3 times per tether length
and taking the average of the obtained results. The red vertical bar
represents the standard deviation of 3 experimental replicates.
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The GitHub material also includes the GUI
source code and user guide and manual. Fur-
ther similar experimental comparisons are
included in Supplemental Figures S5–S7.
Other points of discussion could be how the
behavior of these curves depends on the
bead radius, which also tends to be varied in
real SMFS experiments. In general, hands-on
exploration of the simulation tool kit permits
many modes of analysis relevant to actual
experiments and provides results that are
consistent with the actual trends from real-
world experiments so that student learners
can gain deeper insight into the concept of
TPM.

V. DISCUSSION
In its current setup, our simulation package

provides an efficient means of generating an
estimate for how a tethered particle–bead sys-
tem behaves in a viscous fluid environment.
The introduction of the extensibility of the
tether into the wormlike chain model accounts
for the elasticity of DNA when forces are
applied (27). However, there are some compu-
tational limitations associated with this model.
First, a basic reduction reveals that the force
model has multiple solutions. As the simulation
runs, the numeric solver tends to choose a
solution that can best numerically minimize the
equation. Although numerically reasonable, the
alternate solution is not physically meaningful.
Second, all descriptions made in the initial
model are developed under the assumption of
thermal equilibrium. When a force of sufficient
magnitude is applied, the timestep calculation
that depends inversely on the force gradient
becomes infinitesimally small. This results in
the computations of the position terms becom-
ing unreasonable as well because position
terms depend on the timestep. Consequently,
a new model was implemented to preserve the
validity of the assumptions of thermodynamic
stability throughout the simulation. Specifically,
2 models were implemented into our simula-
tion interface: trend analysis and data collec-
tion only, as was mentioned in section III.C.

The trend model captures the overall behav-
iors exhibited by the system. There are some
numeric inconsistencies that exist in the model.
In transitioning between a state of stability and
artificial stability, the planar position will dis-
play a slight increase in magnitude of fluctua-
tions. This is consistent with expectation,
because the constraints inherently require the
system to achieve a length consistent with the
tether length. The values attainable by the par-
ticle strictly in the probabilistic approach of the
trend model tend to be closer to the equilib-
rium state, but the span is not so strictly con-
strained. These methods represent different
forms of numeric approximations, and these
discrepancies become evident as the simula-
tion runs. The physical constraints provide an
upper limit to the acceptable planar position
values attained by the system, whereas the
probabilistic approach represents the average
expected fluctuations. This is optimal for use in
a classroom setting, as learners can be exposed
to the differences in different approximation
techniques, while simultaneously understand-
ing that models are not exact. Rather, every
model has a limitation, and one needs to
understand the differences in the nature of
models to find the best one for one’s needs.
For the purposes of strict data collection, the
data mode is designed only to use the physi-
cally constrained model, eliminating the transi-
tion point and providing data that can be used
for comparisons with previous studies, as shown
in Supplemental Figures S5–S7 and discussed in
the Supplemental Material document.
A more precise model would require consider-

ation of the bending of DNA beyond the persis-
tence length considered in the wormlike chain
model. The bending of the molecular structure
of DNA on smaller scales than the persistence
length is an experimentally known fact, and the
wormlike chain model does not account for this
(36). Theoretically, this phenomenon can be
accounted for through consideration of the elas-
tic collisions between the molecular bond sites
and photons that result in small-scale bending, a
phenomenon characterized as Raman scattering
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that can be modeled with molecular dynamics
and quantummechanics and molecular mechan-
ics modeling techniques (37). However, such
algorithms are computationally intensive. The
semiflexible polymer description of the modified
wormlike chain model that considers a single
persistence length serves as a good approxima-
tion of the average of the individual base-pair
contributions and is sufficient for a general user
trying to understand TPM.
For general cases, we have shown there is

reasonable agreement between the predictions
of the TPM simulation model and AFS experi-
mental results. Studies have been conducted
that attribute specific protein functionality to
the manner in which it biases the Brownian
motion that the proteins are undergoing (38).
Although such effects are experimentally
observable, there is no general way of account-
ing for the binding dynamics of all protein and
tether combinations. This simulation is written
in a manner in which specific systems can eas-
ily be considered. For instance, the construc-
tion of the bead and tether are done through
experimentally modifiable quantities, such as
material density and stress tolerance. This
means an extension can easily be made to
transform the algorithm, perhaps through the
implementation of a bead subfunction, into a
simulation more representative of any given
protein–ligand system of interest. As previously
mentioned, the MarkoSiggiaVectorized.m sub-
function also provides a way for the user to
easily modify the expected DNA force fluctua-
tions by implementing corrections that more
adequately account for specific systems of
study. Overall, this simulation is a template that
can be easily generalized to be made relevant
to any specific area of teaching.
In an educational context, the simulation is

designed to promote student learning. The
code is written so that the student can follow
through the logic and go through the deriva-
tions done to solve for all the outputs from first
principles. All the assumptions made are out-
lined in the comments of the MATLAB code.
Although we have not tested our simulation in

an actual classroom setting, several studies
have been conducted to determine the effects
of using computational sciences and simula-
tions in a classroom setting to promote student
science, technology, engineering, and math
learning. Allowing students to work through
simulations alone rather than offering step-
by-step guidance is often observed to result in
better learning outcomes, although there are
indications that the amount of prior knowledge
a learner has may have an effect on what they
are able to extract from online content (39, 40).
In some similar studies, the use of simulations
was found to promote knowledge integration
processes, which implies that students were
able to form a deeper level of understanding of
the material due to exposure to the material
(41). The results for these types of studies tend
to be diverse due to the extensive number of
confounding variables present in such trials.
However, these studies tend to compare the
effectiveness of simulation-based versus classi-
cal instruction–based learning, and it is widely
found that both provide similar results for eval-
uating pedagogic effectiveness. This simulation
package with an easy-to-follow GUI was cre-
ated with the intention of providing students
and instructors the opportunity to quickly
review a highly relevant topic in modern phys-
ics and engineering in a very short amount of
time that would otherwise not be covered in a
typical undergraduate curriculum.
The simulation is quick to set up and pro-

duce results; hence, a few minutes are long
enough to extrapolate all the noticeable trends
associated with a tether–particle system. The
simulations could be used within a typical
60–80 min instructional lecture period. Further,
the students could be tasked with using the
code to do more detailed analysis such as
model fitting for the data because the code
outputs all relevant data. Questions could also
be asked about the logic used to develop the
model, because the manipulations made are
clearly defined. Elementary knowledge of phys-
ics and trigonometry is all that is necessary to
follow the logic for early undergraduate
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students, even if they cannot understand the
finer details. Upper-level undergraduate stu-
dents should be able to follow the logic and
derive every relation considered by using the
given models. Force–extension curves and RMS
position analysis for data analysis are highly
valuable tools for students to gain an under-
standing of tethered particle systems.

VI. CONCLUSIONS
This work describes a simulation for TPM that

comes with a customizable user interface. By
using the modified wormlike chain model with
suitable corrections due to geometric con-
straints, a simulation capable of predicting
trends consistent with experimentally obtained
data of TPM was demonstrated. By using the
MATLAB App Designer, a user interface was
created that allows users to interactively mod-
ify parameters in the simulation, as they would
be able to do if they were conducting an actual
SMFS or TPM experiment. Trials were set up to
validate our simulation through consideration
of behaviors in limits, verification of assump-
tions made, and comparison to actual experi-
mental data, as well as demonstrating a use
case for teaching purposes. All these tests indi-
cated that the simulation provides a reasonable
classical description of TPM.
Some fundamental limitations of the simu-

lation are associated with the instability in
the probabilistic approach and the consider-
ation of a fixed persistence length. Even so,
having a sense of the dynamics of DNA scale
or similar polymer–tether systems will allow
students to gain an intuitive understanding
and insight into what can be expected from
single-molecule experiments using advanced
techniques such as optical tweezers or AFS.
As advanced imaging tools gain more trac-
tion both in the real world (e.g., point-of-care
diagnostics) and academic world (e.g., single-
molecule imaging of cellular biophysical phe-
nomena), it becomes imperative to expose
students (and future scientists) early on to
such techniques in a classroom setting with
an appropriate simulation tool kit.

SUPPLEMENTAL MATERIAL
All supplemental material is available at: https://doi.org/10

.35459/tbp.2022.000238.S1.
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