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ABSTRACT We present a new approach to teaching the concept of osmotic
pressure in physical chemistry courses. Our route is different from the traditional
derivation that hinges on equating chemical potentials. Instead, we resort to the
equivalent, yet more intuitive, concepts of mixing entropy and free energy and use
their relation to the second law of thermodynamics. Our strategy emphasizes the
role of entropically driven forces, which are a principal, yet underappreciated,
theme in physical chemistry and biophysics. In doing so, we have extended the
available examples of entropic forces that can be introduced to undergraduate
chemistry and biology students.
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. INTRODUCTION

Many liquids spontaneously mix to form homogeneous solutions at
thermodynamic equilibrium, with the predominant contribution to the
free energy of mixing being the gain in entropy. This is an example of an
entropic driving force often used to introduce the concept of entropy
maximization to students studying thermodynamics for the first time;
however, it is not immediately clear where in the mixing process a
mechanical force can be generated. This contrasts many other examples
where entropic forces have a clearer mechanical manifestation. These
examples include the expansion of an ideal gas (1), elasticity of a rubber
band (2, 3), macromolecular association through counterion release (4,
5), undulation forces acting between lipid membranes (6, 7), entropy of
chelation in coordination complexes (8), and emergence of hydrophobic
(9, 10) and depletion (11, 12) forces.

The entropic force driving the mixing of solutions becomes appar-
ent by the action of an osmotic pressure. Historically, the concentra-
tion difference of solutes inside and outside of cells was first realized
to produce a pressure gradient in plants, which leads to water flow
(13-15). The driving force for this process is the tendency to increase
entropy resulting from the mixing of solute and solvent. The flow of
water continues until the concentrations equalize or until the force of
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Entropy approach to osmotic pressure

media. The realization of an osmotic pressure
and its analogy to the ideal gas law led to the
first Nobel prize awarded in chemistry, which was
presented to J.H. van 't Hoff in 1901 (16).

The value of introducing osmotic pressure to
students can be emphasized by demonstrating its
biological and biophysical significance. The intra-
cellular osmotic pressure is actively regulated by
transport of specific ions and other solutes across
cell membranes (3, 17). This allows cells to remain
in an isotonic state, whereby cells control water
flux through the membrane to prevent the poten-
tially lethal swelling or shrinkage of cells upon
exposure to environments with different osmotic
pressure (18). It was further found that unique cel-
lular solutes, sometimes termed ‘“osmolytes” or
“compatible solutes,” are tasked with regulating
the osmotic pressure in cells (19, 20). For example,
in marine animals (e.g., sharks), the combination
of urea and trimethylamine N-oxide is found to
counter the high salinity of the ocean (21). Other
examples of osmoregulation include the activity
of the antidiuretic hormone in human kidneys,
the exertion of turgor pressure in plants, and the
kinetic entrapment of water molecules in extrem-
ophilic microorganisms (17, 20, 22, 23).

Osmotic stress further underlies multiple bio-
physical mechanisms. Its action often dictates the
structure of biological macromolecules under con-
finement, which is critically linked to their cellular
function (24-26). For example, the folding of pro-
teins and their self-association is affected by the
addition of solutes (19, 27-29). Solutes occupy
some of the space available to cellular macromole-
cules, reducing the overall number of possible
configurations, thereby confining and crowding
them; this consequence has therefore been coined
the “crowding” or “excluded-volume” effect. The
restriction of the volume available to macromole-
cules by added solutes generates a compacting
force, sometimes termed a “depletion force,”
which in its simplest description is the osmotic
stress (12). The osmotic pressure also plays a criti-
cal role as a relevant thermodynamic variable
that governs the condensation of cellular organ-
elles that lack membranes (30). Finally, the gener-
ation of osmotic pressure is used in a standard

method that allows the measurement of intermo-
lecular forces acting between macromolecules
(31).

The link between water flow and osmotic pres-
sure also has found widespread medical and
technological implications. For example, the flu-
ids used for irrigating wounds, kidney dialysis,
and storage of contact lenses are all prepared
with an osmotic pressure similar to that in cells,
thereby preventing complications that may arise
from secretion or absorption of excess water
(32—-34). In other medical treatments, the genera-
tion of an osmotic pressure gradient is beneficial.
Examples include protection against cerebral
edema by drawing water out of the brain (35)
and the osmoatically controlled rate of drug deliv-
ery into the gastrointestinal tract (36, 37).

Finally, students also can be made aware of the
technological role of osmotic pressure in water
desalination. In reverse osmosis, the pressure
required to push water through a semipermeable
membrane must be greater than the osmotic
pressure gradient, which determines the energy
consumption during water purification (38).

The classical experiment to measure the osmotic
pressure, first introduced by botanist W. Pfeffer in
1877, includes a system containing two chambers:
one holding an aqueous solution and the other
pure water (13). The two chambers are separated
by a semipermeable membrane that allows only
water to pass through. The chemical potential of
water in the chamber containing the solute is
lower than that of pure water. Therefore, water
passes spontaneously from the chamber contain-
ing the pure water toward the chamber with the
solution. This process could potentially continue
until all the water passes through because the
chemical potential of the solution is always lower
than that of pure water. However, if the level of
the solution in the chamber rises because of the
added water, the corresponding excess hydro-
static pressure counteracts the flow because the
chemical potential increases under pressure. At
equilibrium, the chemical potential of water in the
two chambers is equal. The added hydrostatic
pressure required to stop the flow of water is
called osmotic pressure (1, 39, 40).
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This description follows the standard way of
introducing osmotic pressure to students in
physical chemistry courses at the undergraduate
level (1, 40, 41). It emphasizes the condition for
equilibrium, requiring that the chemical poten-
tial of water be equal in the two chambers. It
also directly relates osmotic pressure to hydro-
static pressure. In our experience, this correla-
tion leads to students’ bemusement because
the addition of solute to water apparently has
nothing to do with hydrostatic pressure. Even
more relevant, the underlying thermodynamic
mechanism that involves entropy and its manxi-
mization generally is not discussed when present-
ing osmotic pressure. Using chemical potentials, a
concept that is nonintuitive to many students, fur-
ther obscures the mechanism (42, 43). Indeed,
many basic courses that introduce osmotic pres-
sure, particularly to biology and biomedical majors,
cannot assume students’ prior knowledge of the
chemical potential, making the discussion of the
osmotic pressure even more challenging.

In recent years, we have adopted an alternative
approach to presenting the osmotic pressure that
emphasizes its entropic nature without directly
involving the effect of hydrostatic pressure on the
chemical potential. We show that the condition
for equilibrium can be discussed in terms of
reversible work required to transfer water to and
from the solution. We also demonstrate the fun-
damental role of entropy in this process. This
topic is presented after fundamental thermody-
namic principles have been introduced, including
the first and second laws, the Gibbs free energy,
and some simple examples of Boltzmann entropy.

This approach circumvents the need to present
chemical potentials before teaching osmotic pres-
sure. In fact, in recent years, we have successfully
presented the fundamentals of osmotic pressure
to biomedical students without introducing the
chemical potential. Moreover, we find that this
approach is more readily understandable for most
chemistry, biology, and biomedical students. An
additional key advantage is that osmotic pressure
can be presented as an example of entropic
forces, with other examples being the expansion
of an ideal gas, the elasticity of a rubber band,
and the hydrophobic folding of a protein.

Entropy approach to osmotic pressure
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Fig 1. Schematic of pure water (left) and an aqueous solution
(right) separated by a semipermeable membrane that allows only
water to pass. The solute in the aqueous mixture is shown in pink.
At equilibrium, the chemical potential of water is equal on both
sides of the membrane. The difference in the solution levels in the
two compartments results in a net applied pressure, IT, that coun-
teracts the flow of water across the semipermeable membrane.

Here, we present our approach to introducing
osmotic pressure. For comprehensiveness, we
begin by recounting the current standard deriva-
tion found in most physical chemistry textbooks.
We then introduce some necessary fundamental
concepts that typically are presented earlier in a
first course in thermodynamics or other introduc-
tory courses. These fundamentals include the
derivation of expressions for the mixing entropy
and free energy of ideal gases or solutions. In
addition, we must familiarize students with the
link between free energy and reversible work in
isothermal processes. Having described these
prerequisites, we present our new strategy to
derive the osmotic pressure.

Il. STANDARD APPROACH: USING
CHEMICAL POTENTIALS

In Figure 1, only water can pass through the
semipermeable membrane so that at equilib-
rium, the chemical potential of water must be
equal in the left (/) and right (r) compartments:

My = (1)

The chemical potential of water in an ideal
mixture can be expressed as:
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(T, P)

where uf"" is the chemical potential of pure

water, R is the gas constant, T is absolute tem-
perature, P is pressure, and x,, is the mole frac-
tion of water in the mixture. This expression
was proposed on the basis of experimental
observations, culminating in Raoult’s law (44).
Many textbooks present Eq. 2 as an empirical
finding without relating it to the free energy
from which it can be derived (1, 40). Notably,
Eg. 2 indicates that the chemical potential of
water in a mixture will always be lower than
that of pure water under the same conditions.
This conclusion stems from the definite nega-
tive sign of the RTInx,, term, which is related to
the entropy gained (or reduction in free
energy) from mixing solute and solvent. We
will return to discuss this fundamental point in
subsequent sections.

Combining Egs. 1 and 2, we find that under
the same temperature and pressure:

= pPYe(T,P) + RTInx, 2)

ph (T, P) > ulPUe(T, P) + RTInx, 3)

w

Thus, pure water from the left compartment
should flow toward the mixture in the right
compartment; however, when water is drawn
from the left compartment, the water level, h,
rises on the right. This leads to an added
hydrostatic pressure, 11, exerted on the solu-
tion. This pressure is proportional to the mass
of the excess solution, péV, where p is the
density of the mixture and 6V is the volume of
excess solution. The weight of the excess solu-
tion column acts on a cross-sectional area a =
0V/h so that the acting pressure is T = pgh,
with g being the gravitational acceleration
constant.

For dilute solutions, the excess water leads
to a small added pressure, which increases
the chemical potential of water by éu, =
v, 0P, where v, is the partial molar volume of
water. At equilibrium, this increase in chemi-
cal potential exactly negates the decrease in
chemical potential because of the RTlnx,, term so
that Eq. 1 is satisfied, and

wl (T, P) = ubPue(T P) + v,,6P + RTInx,
(4)
Realizing that ! (T,P) = w/:Pu(T P) and that,
by definition, 6P =T,

(5)

v, = —RTInx,,

Finally, expressing x,, by the mole fraction of
the solute, x, = 1 — x,, and applying the
approximation In(1 — x,) ~ —x; for dilute solu-
tions, we arrive at

(6)

By further approximating x,/v,, with solute molar
concentration, C,, we arrive at the celebrated
van 't Hoff relation for osmotic pressure (16, 45):

m = GRT (7)

Eq. 7 strongly resembles the venerable ideal
gas equation of state, P = (n/V)RT. This analogy
was used by van 't Hoff to originally develop
the expression for osmotic stress (45).

vV, T = X,RT

lIl. INTRODUCTION TO MIXING
ENTROPY

In our new approach to presenting osmotic
pressure, we begin by familiarizing students with
the concept of mixing entropy. We present two
model systems that can be used to derive the
expression for the entropy of mixing. The first
involves mixing two ideal gases. This example
avoids combinatorics and underscores the equiva-
lence between mixing entropy and the entropy
associated with expansion (46). It also clarifies the
basis for the ideal gas analogy used originally by
van 't Hoff to derive the expression for osmotic
pressure (16). The second, more advanced exam-
ple directly considers the condensed state by
applying a lattice model to the mixing of two com-
ponents to form an ideal solution. Both examples
follow changes in the number of accessible micro-
states, Q, which is related to entropy, S, through
Boltzmann's expression:

S = kgInQ (8)

where kg is Boltzmann's constant. We present
both model systems and show that the commonly
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used term for ideal mixing entropy is recovered in
both cases. The reader may choose to familiarize
students with one or both examples.

A. Mixing of ideal gases: a first
example

Begin by describing the entropy of an ideal
gas and how it changes with the volume in
which it is confined. The number of microstates
for one gas molecule, Q,, increases linearly with
volume, Q; ~ V, because the particle can be
placed anywhere within the system. Thus, dou-
bling the volume necessarily doubles the num-
ber of possibilities for placing the particle. Ideal
gas particles do not interact, so a second gas
molecule introduced into the system will have
the same number of accessible states because it
also can be placed anywhere within the volume.
Thus, for each position of the first particle, the
second particle can take any position. Corre-
spondingly, the total number of microstates is
proportional to the product of microstates of
each particle, Q, ~ Q?, so that Q, ~ V2 To make
the proportionality exact, one should also consider
the indistinguishability of particles; this point is fur-
ther discussed in the following section. By the
same reasoning, the total number of microstates
available to N molecules is Qy ~ Q) ~ VN, and
the entropy of the gas has the following form:

S ~ NkglnV 9)

Figure 2A shows the mixing of N,.y “red”
ideal gas particles with Ny, “blue” ideal gas
particles, upon removing a partition. Before
mixing, the two gases have the same tempera-
ture and number density. Because both gases
do not interact, the total increase in entropy
that results from mixing can be written as the
sum of the individual changes in the entropy
of each gas due to their expansion into the
neighboring compartment:

ASmix - ASr<-3d + ASblue (1 O)

As the red gas expands to the right, the num-
ber of microstates for each red gas particle
increases by a factor of Vigwa/Viefs Where Vieg is

Entropy approach to osmotic pressure
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Fig 2. Two realizations of mixing entropy. (A) Mixing two ideal
gasses. (B) Mixing two liquids to form an ideal solution. Both pro-
cesses are isothermal and isobaric.

the volume of the left compartment before mixing
and Vigtal = Viett + Viight is the available volume to
the gas after expansion. Therefore, the change in
the entropy of the red gas can be written as:

Vtotal

ASred = NredkBIn (11)

Viet
Using a similar line of reasoning for the expan-
sion of the blue gas, the entropy gained from
mixing both gases is as follows:

Vtotal Vtotal

ASmix = Nregksln + Npieksln

Vright
(12)

left

Because the temperature and density of the
gases are equal before and after mixing, we
can replace volume ratios by mole fractions,
Viert/Viotal = Xred and Vright/vtotal = Xpjue- EQ. 12
becomes:

ASpmix = _NtotaIkB(XredIaned + XblueInXblue)
(13)

where Niotgs = Nyeg + Npjue- EQ. 13 is the commonly
known expression for the mixing entropy of two
ideal gases (1). Moreover, because both gases are
ideal, AH,,x = 0, and the change in the Gibbs free
energy due to mixing is simply:

AGmix - _TASmix -

(14)
NtotaIkBT(Xredlaned + XbluelnXblue)

The process of mixing reduces the free
energy, AG < 0. This is a result of the second
law of thermodynamics that dictates that in
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any spontaneous process, entropy must increase.
At constant temperature and pressure, this is
equivalent to the minimization of G.

B. Mixing ideal solutions: a second
example

Figure 2B shows the isothermal mixing of
N,eq “red” particles with Ny, “blue” particles,
on a lattice to form an ideal solution. The lattice
is introduced as a means to derive a tractable
number of microstates for the system, but the
same result can be obtained from a less restric-
tive (off-lattice) representation (47). The num-
ber of microstates is equivalent to the number
of ways the particles can be arranged on the
lattice, considering that each type of particle is
indistinguishable from other particles of the
same color. In the mixture, combinatorics states
that this number can be represented by the
corresponding binomial coefficient:

Q — <Ntotal> _ (Ntotal>
Nred Nblue

Before mixing, both compartments contain

only one kind of particle. Swapping between

positions of two identical particles creates a

state indistinguishable from that before the

swap. Consequently, the binomial coefficient in

these pure systems is simply unity. Using S =

kgln Q and Eg. 15, we arrive at the change in
entropy upon mixing:

(15)

N total!

ASpi T a—
e Nred !Nblue!

= kgln (16)

Using the Sterling approximation, Inx! &~ x Inx —
x, Eq. 16 reduces to Eq. 13, which also can be
expressed in terms of the volume accessible to

each component before and after mixing:

Vtotal Vtotal

ASmix - NredkB In

+ Npiueksln

left right

(17)

Eg. 17 emphasizes that the change in entropy
of each component is related to the volume,
similarly to the entropy of an ideal gas, so that

in the limit of solutions dilute in one of the
components:

S ~ NkglnV (18)

C. Free energy as reversible work

Our new approach also requires students to
be familiar with the link between free energy
and reversible work in processes performed at
constant temperature. One approach to derive
this relation is as follows (1, 40). As with any
process, the requirement of energy conserva-
tion applies also to reversible processes, so
that:

dE — 6Qrev - 5Wrev =0 (19)

where E is the total internal energy of the sys-
tem, Q,e, is the reversible heat exchanged with
the surroundings, and W, is reversible work
(we defined positive work as work performed
on the system, and heat transferred to the sys-
tem as positive heat). Furthermore, for a revers-
ible process, the Clausius inequality becomes
an equality:

_ 8Qu

ds
-

(20)

Combining Egs. 19 and 20:

OWyey = dE—TdS = dA (21)

where A is the Helmholtz free energy. There-
fore, for a reversible process at constant T, the
change in free energy equals the total (sum of
PV and non-PV) work. We note that the Helm-
holtz free energy is the most appropriate state
function in our subsequent discussion because
Eqg. 21 requires only constant temperature. An
analogous version of Eq. 21 that uses the Gibbs
free energy G, instead of A, requires that in
addition to temperature, the pressure will also
be constant:

8 Wiey.non-pv = dH — TdS = dG (22)

with 8 Wiy, non-pv involving only the work that
is not associated with changes in system
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Fig 3. Osmotic pressure as an entropic force. (A) The solution on
the right-hand side exerts a force, f, on a mobile semipermeable
membrane and drives the membrane as far left as possible. (B)
Virtual person applies an equal and opposing force, f, that prevents
the membrane from moving. Orange circles represent the solute,
and the blue background represents water.

volume. Because students are usually more
familiar with the Gibbs free energy, we use G in
the following derivations, even though the
requirement for constant pressure is only
approximately satisfied in the systems dis-
cussed here. The same result can be obtained
by using Eq. 21. Moreover, for an ideal solution,
AHpix = AEmix = 0O; therefore, in this case AA =
AG, and either of the free energies can be used
in the derivation.

IV. NEW APPROACH TO OSMOTIC
PRESSURE: USING MIXING ENTROPY
Figure 3A shows two compartments sepa-
rated by a mobile semipermeable membrane
that allows only water to pass through; the
compartment on the left contains pure water,
whereas the one on the right contains an ideal
mixture of solute in water. Both compartments
are maintained at equal temperature. Because
the membrane is allowed to move, the parti-
tion will move to the left. This is because water
will flow from the left compartment to the right
compartment to increase the number of micro-
states of the system, which in turn increases its
entropy and reduces its free energy. Initially,
before the partition has time to move, the net
accumulation of water in the right compart-
ment increases the number density, thereby
elevating the pressure in that compartment.
This pressure gradient between the two com-
partments forces the partition to move to the

Entropy approach to osmotic pressure

left until it reaches the left wall. Stated differ-
ently, the partition moves because at any other
position, the free energy can be further
reduced by mixing more water with solute. The
reverse process (water leaving the right compart-
ment and moving to the left) is, in principle, pos-
sible; yet, it is highly improbable because it
strongly (exponentially) reduces the number of
available states. This process underlines the statis-
tical nature of the second law.

To quantify the force exerted on the mem-
brane, f, an external force is added that coun-
teracts the increase in the volume of the right
compartment. Imagine physically exerting this
force on the membrane and stopping it from
moving (Fig 3B). Infinitesimal changes in the
position of the membrane, dz, require revers-
ible work performed on the partition, 6 W,., =
—fdz. This reversible work is equal to changes
in the free energy of the two-compartment sys-
tem, 6 W,e, = dG. Using Eq. 22:

fdz = —dG = TdS — dH (23)

Because for mixing of ideal solutions dH = 0,
fdz = TdS. From Eq. 18, which corresponds to
the entropy of a dilute component in an ideal
solution, we obtain:

NskBT

fdz = NskgTdInV = av

(24)

where N, is the number of solute molecules.
Recognizing that dV/dz is the membrane cross-
section area, a, and that f/a is the pressure
exerted on the membrane, 11, we recover the
expression for the osmotic pressure in Eq. 7:

(25)

This result is relevant for dilute solutions,
where free energy depends most strongly on
mixing entropy, which in turn depends linearly
on solute concentration. Concentrated or non-
ideal solutions can be treated by a similar
approach that uses the relevant expressions for
dGpix. In the Supplemental Material, we present
two examples of how an expression for the
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osmotic pressure can be recovered from rele-
vant expressions for the free energy of mixing
corresponding to different kinds of solutions.
These examples demonstrate how, for other
types of solutions, interactions must be consid-
ered, and therefore AH,,ix and AE;x are gener-
ally nonzero. These additional derivations of
osmotic pressure are presented as exercises, from
which students can appreciate how intermolecu-
lar interactions between solution components
introduce nonideality in the osmotic pressure.
The derivations also introduce students to the
virial expansion and its coefficients in the context
of osmotic pressures.

V. CONCLUDING REMARKS

We presented two approaches for deriving the
equation for osmotic pressure. The standard
approach, found in most textbooks and even on
Wikipedia, is based on equating the chemical
potential of water throughout the system (1, 40,
48). In contrast, our new approach directly invokes
the role of entropy in generating the osmotic
pressure. This approach offers several advantages
over the standard method.

(@) Our derivation bypasses the requirement for
students to be familiar with the concept of
chemical potential, which, in our experience,
is often introduced late in the course sylla-
bus (or, as often happens, not at all) and is,
many times, found to be nonintuitive by stu-
dents (42, 43).
Our approach emphasizes entropy as the
underlying mechanism for the force gener-
ated by osmotic stress; this serves an oppor-
tunity to introduce students to the concept
of entropically generated forces, which are
valuable in multiple biophysical mechanisms.
(c) The starting point for our strategy uses the
relevant expression for the free energy of
mixing, and the approach is easily generaliz-
able to other nonideal cases and affords a
transparent way to include additional interac-
tion terms and to appreciate their effect on
the osmotic pressure.
(d) It is simple to generalize this approach to
other entropic forces; for example, the

force exerted by polymers acting as entro-
pic springs follows a somewhat similar
derivation (2, 3).

We encourage educators to implement our
suggested derivation for osmotic pressure and
witness first-hand whether students find it
more approachable.

SUPPLEMENTAL MATERIAL

All Supplemental Material is available at: https://doi.org/10.
35459/tbp.2025.000282.51.
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